stichting
mathematisch
centrum
AFDELING ZUIVERE WISKUNDE W 1970-006 ME |

RICHARD ASKEY
VOORDRACHT IN DE SERIE "ELEMENTAIRE ONDERWERPEN VANUIT
HOGER STANDPUNT BELICHT"

"AERTAIN RATIONAL FUNCTIONS WHOSE POWER SERIES HAVE
POSITIVE COEFFICIENTS"

L
sriat 16T bl R
BIERL MR R




ted at the Mathematical Centre

Mathematical Centre, founded %
At institution aiming at the p
Leations. 1t 4is sponsored by th
elands Ongandization gor the A
he Municipality of Amsterdam,
Free University at Amstendam,

,, Amstendam.

6, 48 a non-
Zics and its
. through the
neh (Z2.W0.0),
stendam, by




tain rational functions whose power series have positive coefficients

Richard Askey

In the late 1920's some very important work was done by Courant,
sdrichs, and Lewy on solving partial differential equations by
roximating them with systems of algebraic equations and solving
se algebraic equations. In trying to prove convergence of the
itions of the algebraic equations which approximate the wave equation

shree variables the series

1 T n k
(1-r) (1=8)+(1-r) (1-t)+(1-s) (1-t) ) An,m,k s’

n,m,k=0

se. The corresponding solution to the differential equation was
.tive and all of the coefficients they calculated also turned out
e positive, but they were unable to prove the positivity. In such
‘umstances the best course is to write to someone who is an expert
luestions of this type. So in 1930 H. Lewy wrote to G. Szegd and
. very short while he received a solution. We will give a solution
th is closely related to Szegd's solution. Szegd's idea was to use
: of the special functions of mathematical physics. He solved the
lem by using old results on Bessel functions and then he showed how
‘educe the problem to an integral of products of Laguerre polynomials.
11l follow this part of Szegd's paper and then estimate the integral
aguerre polynomials. The Laguerre polynomial Ln(x) comes from the
rating function

e-xr/(T-r) ®

1-r

n=0

s easy to show that Ln(x) is a polynomial of degree n. Also
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his is a standard argument and Szegd extended it as follows.

rom the generating function we have

E:ffééiiz‘ = nZO L (x)e™™r".
1en e-x(11r + 11S + 11t) A .
(Tx) (1-s)(1-t) = 11 1 e en e
1tegrating from 0 to = gives
(1—r)(1—S)+(1-r;(1-t)+(1-s)(1~t) =] i L (x)L (%)L (x)

n,m,k = n m k

J L (x)L (x)L (x)e Xax,
0
1en faced with a new integral which you can not find in any of the
candard tables of integrals the first thing to look for is a simil
ategral. In Whittaker and Watson, Modern Analysis, the integral
1
1) J Pn(x) Pm(x) Pk(x)dx
-1
3 evaluated. Here Pn(x) is the Legendre polynomial defined by

-——-——L————I = ) P (x)r".
n
n=0

(1-2xr+r2)2




satisfies the orthogonality condition

1
J Pn(x) Pm(x)dx =0, n#%m.
-1

actual value of (1) is not important to us but the fact that it
nonnegative is essential. Now the problem that occurs is how to go
1 Pn(x) to Ln(x). Recall that (1 - %)t > e * as t » ». This

gests that we should consider polynomials orthogonal on [;1,11

1 respect to (1-x)%. Actually we will now define the polynomials

ch are orthogonal with respect to (1—x)a(1+x)8. These polynomials

(G,B)( (G,B)(1> =

called P x) and are normalize by P
(a+1)(a+2) + (o+n) - (n+a)
n
1.2....10

orthogonality relation is

1
J Péa’s)(x) Péa’s)(x) (1-x)%(1+x)Pax = O, m ¥ n.
-1

e let x =1 = 2% then this is

B
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Lg(x) are polynomials orthogonal with respect to x“e - on (
. + . .
. are normalized by Lg(o) = Pia’e)(1) = ("7%), This in fact
and Lg(x) is Ln(x). The normalization is right for
> o

= ) L(x)r"= ) r" so L(0)=1-= Lg(o). The polync

come from the generating function

Xr
1-r

e

- ] R
(1-r nZO n

>a+1
he orthogonality can be checked as before. We will return to

later.
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This shows us how to use Pé *’(x) to get L (x) but we still
d the problem of how to go from Pn(x) to P O’B)(x). We will
tep at a time. Let w(x) be a nonnegative function on [}1,11
n(x) be the polynomials on [=1,1] which are orthogonal with
x). These polynomials are unique except for a multiplicative
ant. We choose the polynomials to be orthonormal and choose
st coefficient to be positive. Let qn(x) be the polynomials
gonal with respect to (1+x) w(x) and normalize them in the s

Expand {14x) qn(x) in terms of pk(x).'This is
q (x) = kZO % n p, (x),

ak,n 1s given bg

J (1+x) qn(x) pk(x) w(x) dx .
-1

a
k,n

0 since we have

< n then ak n
H
1

J xj qn(x)(1+x) w(x)dx = 0, j =0,1,...,n-1
-1

p, (x) = Z a. . X
K sEo "ok
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(1+x) qn(x) = An pn+1(x) + Bn pn(x).

ice the highest coefficients of qn(x) and Pn+1(X) are positiv

An' Now we let x = -1, The left hand side is zero so we have

B p (-1) = (-1).

n “n _An P+

of the zeros of pn(x) are real and lie strictly between -1
n n+1
s p (=1)(-1)" > 0 and P, q(=1)(=1)
we apply this to our problem of Jacobi polynomials.
all that

> 0. This gives Bn >

hA >0, B > 0. Thus
n n

1

[ Bl0 V) 20001 () 2L0 ) ) (1) e
-1

1
[ B ¢ ] Bp, (0 + 3 r G R, (0 + 5 o
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after multiplying these terms we see that

1

J POV 0y 20Ty 001 (3) (1430)3ax 5 0.
-1

ve continue in the same fashion we see that
1

2130 2030 2{09 () (1) Hax > 0,
-1
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low let x = 1 - fl and let j - », First multiply by j2 and this

rives

;
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0
nd the approximating integrals on the left are all nonnegative. Thus so
.8 the limit on the right. To prove the strict positivity we must
;eneralize the original problem. This generalization is also due to

'zeg8. The same argument which we gave before leads to

Lor1) - 1 ()2 (x) L
T1-r) (1-8)+(1-r) (1=t )+(1=5) (1-£ )] **" n,m§k=o n
‘here T'(a+1) = J % e Fax .
0

izegd showed that these integrals are nonnegative if o z_—%. They

ol
=
o

hange sign for o < -3 so let us consider the end case o = -

roof we gave above can be repeated once we know that
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f we let x = cos6 this is the same as

[
0

ut what are these functions P

n [-1,1] with respect to (1-x°)

(-
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2272/ (c0s6)ds > 0.
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)(x) are orthogonal
:
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and so (cosb) are

n
rthogonal on [@,ﬁ] with respect to d6. They are also even functions of

, since cos(-6) = cosH.




they are constant multiples of cosn® and the nonnegativity of the

> integral is just

cosnb cosmb = %[bos(n+m)e + cos(n—m)€1

> 3 > 0 is the only coefficient which does not vanish.

1 1 1

1 - - -3 -
gives J L %(x) L %(x) L_3(x) x e 3% 4y > 0. However we can now
0

2 = xx to again show J Ln(x) Lm(x) Lk(x)e_Bxdx > 0 and this proof
0

e extended to give the strict positivity of this integral.
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first sum over n1+n2 = n and then over n we see that
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5 gives the nonnegativity of the integral on the left without
1

ag J Pn(x) Pm(x) Pk(x)dx > 0 and if we can show that even one
-1
juct on the right is positive the left hand side will also be

itive. It is possible to show that

re are two ways to do this. One is to use the generating function
compute the integral. The other way is to use a very interesting
>rem of Karlin and McGregor. If pn(x) denotes a set of polynomial
10gonal on [0,©] with respect to a nonnegative measure da(x)

1 pn(o) > 0 then

o

—€x

J pn(X) pm(x)e da(x) > 0, € > 0.

0

real interest in this result is the connection with probability
>ry. This positive number represents the probability of a birth
death process going from a population of size m to one of size
1 time €. Rather than give any details of this let us consider
2 related problems.

There are other interesting sets of orthogonal polynomials. For
nple, consider the measure with mass X at x = 0,1,... . Let
x3c) be the polynomials orthogonal on t@,%] with respect to this

sure., That is

x=0

nalize by Mn(O;c) = 1.

analogue of Szegd's result would be

zo M_(x) M (x) Ml(x>c3x > 0.
x:




‘tunately this result fails and I know no results of this typefor
» polynomials. This type of result does not always hold for we

wwove the following theorem.

f I(x) 18(x) L2(x)x% S%ax > o

n m -

0
not hold for any j and all n,m,k, if -1 < o < -3. The Kerlin-
:gor result shows that if a result of this type holds for some
m it holds for all larger j. It is possible to extend the Szegd
.t to

-2x
j Ln(x) Lm(x) Lk(x) e ““dx > 0, and so
0

n m,k
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ositive coefficients . As Szegd remarked there is another extension,
time to more variables. If f(x) = (x-r)(x-s)(x-t) then
= (1-r)(1=-8)+(1-r)(1-t)+(1=-s)(1-t). Similarly we can consider

= (x-x1)...(x—xk). Then the same proof as above gives

n n
! = z AY X 1... X k
[?,(1Z]a+1 Dysenesly 1 k
A% >0 if a > -}, and AY > 0y
nT,..-,nk n1,...,nk

Most good problems suggest other problems and have interesting
cations. We have mentioned some of the further problems suggested

is. One other was suggested by H. Lewy. Show that the coefficients

1

)

-t-u

ositive.

((1-r)(1-s)+(1-r)(1—t)+(1-r)(1-u)+(1-s)(1-t)+(1-s)(1—u)+(1-t)(1-u))
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~tunately we have been unable to find a representations for these
“icients in terms of special functions which is simple enough to
.e. The original problem has been done directly by Kaluza but his
> is very complicated and does not extend at all. Thus special
;ions seem to be the only good way of attacking such problems.
There are two applications besides the original one to difference
;ions. The first is to the construction of an interesting Banach
rain which questions of analysis and probability theory can be

l.The other is probably no more than an interesting remark in clas:

ra. From
1 -7 a i Lk
f'<1) n,‘,-..,nk 1 vt k
1t
xk—1 _ © 1 n, n,
£r(x) Z z An coan 1ttt Xp
n=0 x n1+..+nk=n 12727k
A > 0.
n1".l’nk
k-1

Now we would like to show how functions like ?'(x) can be used.

1 _ 2 2 2
t)...(1—xkt) = (1+x1t+x2t +..)(1+x2t+x2t E D (1+xkt+...)
2 2 2,2
1 + (x1+...+xk)t + (x1+x1x2+..+x1xk+x2+..+xk_1xk+xk)t P
Z XspeeXy s £+ =1+ ) Ssj (x1,...,xk)t‘].
1<i <i.<..<i<k * J Jj=1
t—k
1 -1 *
—x1)..(t —xk)
1
= z, Then




11

). (2=
X, (z xk) f'(x1)(z—x1) '
gk)
R
; =y £'(x.)(z-x.) e

k o b'd 1 | -
] 1 a1
Lot Zl f'(x = Z Z—l+k_.

1 1=0 -.5

§ =;§







